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Q"^ ■ §1 Introduction 



In order to investigate the free Schrodinger equations, the original Schrodinger-Virasoro 
, Lie algebra was introduced by [5] in the context of non-equilibrium statistical physics. It is 
the first case of this type Lie algebras. Since then there appeared some other cases, whose 
structure and representation theories were investigated in the corresponding references. All 
the cases of the Schrodinger-Virasoro type Lie algebra are closely related to the Schrodinger 
algebra and the (generalized) Virasoro algebra, which play important roles in many areas of 
^ ■ mathematics and physics. The twisted deformation of the original one was introduced by 
■ [14], whose representation theory and cohomological theory were investigated there and its 

m ' 



derivation algebra and automorphism group were determined in [7]. The Harish- Chandra 
^ I modules and those of intermediate series on both original and twisted cases were partially 

m 
o 
o 



classified in [6]. The deformative cases of the Schrodinger algebra were introduced in [18], 
whose 2-cocycles were completely given in [9]. The extended case of this type algebra was also 
introduced in [14], whose structure theory were considered in [3]. Generalized Schrodinger- 
^ , Virasoro algebras were introduced in [17] and their automorphisms also Verma modules were 
studied and completely determined there. Recently, the Whittaker modules and bialgebra 
structures on the original case were investigated respectively in [24] and [4]. 

Now we introduce the Schrodinger-Virasoro algebra £, which is an infinite-dimensional 
Lie algebra over the complex field C with basis Wn-, Zn\n E 1j} and the following non- 
vanishing Lie brackets: 

[Lm, Ln] = (m- n)Lm+n, [Lm, ] = -{iTl + n)Wm+n, 

[Lm, Zn ] = -(3m + n)Z^+„, [PL"^, PLJ = (m - 

Indeed, ii is a twisted case of the deformative Schrodinger-Virasoro algebras, which factually 
was investigated under the physics background before the Schrodinger-Virasoro type algebras 



Supported by the NSF (grants 10901028, 10926166) of China and the Natural Science Research Projects 
of Jiangsu Education Committee (grants 08KJD110001, 09KJB110001) 
t Corresponding Email: sd_junbo@163.com 



1 



appeared. According to our observations and computations, we find that the central extensions 

and Leibniz central extensions are not consistent with each other and the results on Harish- 
Chandra modules and those of intermediate series are also different to many other cases of the 

Schrodinger-Virasoro type Lie algebras. That is also our motivation to concentrate on this 

case of deformative Schrodinger-Virasoro algebras in this paper. 

It is well known that Drinfeld introduced the notion of Lie bialgebras in 1983 to solute of 
the Yang-Baxter equation (see[l]). After that, many types of bialgebra were considered on 
different algebras. However, different algebra backgrounds, different difficulties and also there 
are no uniform methods to deal with such problems on all algebras. Moreover, sometimes, 
different algebra backgrounds, maybe different results. The Witt and Virasoro Lie bialgebras 
were initially investigated in [16] and classified in [13]. During the recent years. Lie bialgebras 
of generahzed Witt types, generahzed Virasoro-like type, generalized Weyl type, Hamiltonian 
type and Block type were considered respectively in [15, 20, 23, 21, 8], most of which parallel 
to that given in [13]. Lie super bialgebra structures on the Ramond N — 2 super Virasoro 
algebra were considered and determined in [23] . Recently, the Lie bialgebra structures on the 
original Schrodinger-Virasoro algebra were considered by [4], which are different from that 
given in [13]. In this paper we shall investigate Lie bialgebra structures on £. Compared to 
the case considered in [4] , it is more complicated according to the different basis and brackets 
between them and interesting based on the analysis presented above. 

Some relative definitions and concepts on Lie bialgebras are collected and presented here. 
For any vector space L, denote ^ and r respectively the cyclic map oi L ® L ® L and the 
twist map of L ® L, which imply ^{xi ® X2® x^) — X2® x^® xi and t{xi ® X2) = X2® xi for 
any Xi,X2, X3 G L. Based on them, one can reformulate the definitions of a Lie algebra, a Lie 
coalgebra and furthermore a Lie bialgebra as follows. 

For a vector space L and two bilinear maps 5 : L ® L ^ L and A : L ^ L ® L, the pair 
(L, 6) becomes a Lie algebra if the following conditions satisfy: 

Ker(l - r) C Ker5, 5 • (1 ® 5) ■ (1 + ^ + = 0, 

and the pair (L, A) becomes a Lie coalgebra if the following conditions satisfy: 

ImAcIm(l-r), (1 + { + C^) • (1 ® A) • A = 0. 

And then the triple (L, 6, A) becomes a Lie bialgebra if (L, 6) is a Lie algebra, (L, A) is a Lie 
coalgebra, and the following compatible condition holds: 

A5{x (S>y) ^ X ■ Ay - y ■ Ax, y x,y e L, (1.2) 

where the symbol "•" to stand for the diagonal adjoint action: 

X ■ (Y^Qi (8) bi) = «j] <^bi + ai<S) [x, bi\). 

i i 
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Denote 1 the identity element of il, which is the universal enveloping algebra of L. For 
any r = Ylii cii <S> bi & L (S) L, we introduce the following notations 

i i i 

Then we can define c(r) to be elements of il ® il ® il by 

c(r) = [r''',r''] + [r^'',r^'] + [r'\r^'] 

= XJfoj, aj] (8) 6i bj + J2cii ® [bi, %] ® bj + X^Oj % [fej, 6^]. 

i,j i,j 

Definition 1.1 (1) A coboundary Lie bialgebra is a 4-tuple {L,6, A,r), where {L,6,A) is a 
Lie bialgebra and r e Im(l — r) <Z L® L such that A = is a coboundary of r, i.e., 

Ar(a;) — X ■ r for x & L. (1.3) 

(2) A coboundary Lie bialgebra {L,6,A,r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation 

c(r) = 0. (1.4) 

(3) r G Im(l — t) G L <S) L is said to satisfy the modified Yang-Baxter equation if 

X ■ c(r) = 0, y xeL. (1.5) 

Regard 5J = as an ii-module under the adjoint diagonal action. Denote by Der(£, 2J) 
the set of derivations D : 2 ^ '03, namely, D is a. linear map satisfying 

D{[x,y])^x-D{y)-yD{x), (1.6) 

and Inn(£, QJ) the set consisting of the derivations Vjnn, v E 03, where I'inn is the inner deriva- 
tion defined by Vi^n -.x^x-v. Then it is well known that H^{£., 03) = Der(£, QJ)/Inn(£;, 03), 
where H^{£,,03) is the first cohomology group of the Lie algebra H with coefficients in the 
ii-module 03. 

The main result of this paper can be formulated as follows. 
Theorem 1.2 Every Lie bialgebra (£, [•, •], A) is triangular coboundary. 

§2 Proof of the main result 

Throughout the paper we denote by Z* the set of all nonnegative integers and C* the set 
of all nonnegative complex numbers. For any subset O of Z, denote Z\f2 = G Z | x ^ Vt}. 

Firstly, the results of the following lemma can be found in the references or obtained by 
using the similar arguments as those given therein (e.g. [1, 2, 13, 20]). 
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Lemma 2.1 (i) Denote the tensor product of n copies of £ and regard it as an £- 
module under the adjoint diagonal action of If x ■ r — for some r e ii®" and all 
X & 2, then r — 0. 

(ii) r satisfies (1-4) if and only if it satisfies (1.5). 

(iii) Let L he a Lie algebra and r e Im(l — r) (Z L <S) L, then 

(1 + C + C') • (1 ® A,) • Ar{x) = X ■ c(r), y xeL, 
and the triple (L, [•, •], A^) is a Lie bialgebra if and only if r satisfies (1.4). 

A derivation D G Der(£, QJ) is homogeneous of degree a G Z if D{£yp) C 23q+p for all 
p G Z. Denote Der(ii,9J)„ = G Der(£,Q3) jdegD = a} for a G Z. Let D be an element 
of Der(ii, QJ). For any a G Z, define the linear map : £ ^ QJ as follows: For any /i & 2g 
with g G Z, write D{ii) — Ylip^'El^p '^ith G Q3p, then we set Da{iJ>) — /J^q+a- Obviously, 
Da G Der(il, QJ)^ and we have 

D=Y.Da, (2.1) 
aez 

which holds in the sense that for every m G £, only finitely many Da{u) ^ 0, and D[u) — 
Saez-^o:(i*) (we call such a sum in (2.1) summable). 

Proposition 2.2 Der(£,9J) = Inn(£,QJ). 

This proposition follows from a series of claims. 

Claim llfae Z*, then D^ G Inn(£,QJ). 

For a 7^ 0, denote 7 = — q;~^Dq,(Lo) G 5Jq,. Then for any x„ G Wn, applying Da to 
[Lo,a;„] = —nXn, and using L)a(a;„) G ^n+a, we obtain 

-(a + n)Da{Xn) - Xn ■ -Da(-^o) = Lq ■ Da{Xn) " X„ • -Da(-^o) = -nDa{Xn), (2.2) 

i.e., -Da(a:^n) = 7inn(a:^n)- Thus = 7inn IS inner. 
Claim 2 1)0(^0) = 0. 

For any n G Z and x„ G 2IT„, applying £)o to [Lo,x„] = —nXn, one has x„ • Do(-^o) = 0. 
Thus by Lemma 2.1(i), Do(i-o) = 0. 

Claim 3 Replacing Dq by Dq — Uinn for some u G QJo; one can suppose Dq[2) — 0. 
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For any n e Z, one can write Do{Ln), -Do(l^n) and Do{Zn) as follows 

iei 

DoiWn) = {9n,iLi ® Ln-i + /in.i-^'i ® Wn-i +Pn,iLi + qn,iWi + /li^^H/j (8) 

-Fp|,_iZi (g) Ln-i + g^^i Zi ® PVn-i + Sn,iWi (g + tn,iZi (g) Z„_i) , 

Do ( Z„) = ^ (Qin,i-f'i 8) I/n-i + /^n.i-f'i <»Wn-i + -fn,iLi ®Zn-i + IJ^n,iWi ® Zn-i + t^l^^Wi ®Ln-i 

+7^^ j (g) L„_i + /xj^^^Zj g) Wn-i + I^n.i <8 W^n-i +^n,iZi ® Zn-i) , 

where all coefficients of the tensor products are in C, and the sums are all finite. For any 
n e Z, the following identities hold, 





■{Ln 


®L_ 


n) 


= (1 


- n)Ln+i g) 


+ (n + 1)L„ (g 


Li 


{Ln 


g W_ 


-ri) 


= (1 


- n)Ln+i (g 


+ (n - 1)L„ ® 


Li 


■{Ln 


®Z_ 


-ri) 


= (1 


- n)L„+i ® Z_.„ + (n - 3)L„ (g Zi_„, 


Li 


{Wn 


(gZ_ 


-n) 






(g Z-n + (n - 3)W^„ (g Zi_„, 


Li 


{Wn 


(g L_ 


-n) 




n + l)Wn+l 


(g L_„ + (n + (g Li_„, 


Li 


■{Zn 


(g L_ 


-n) 




'n + 3)Zn+i 


g L_„ + (n + 1)Z„ (g Li_„, 


Li 


{Zn 


g W_ 


-n) 




n + 3)Z„+i 


g W^_„ + (n - l)Zn (g W^l-n, 


Li- 


(Wn 


®W^ 


-n) 




n + l)Wn+l 




L, 


{Zn 


®z_ 


n) 




n + 3)Z„+i 


g Z_n + (n - 3)Z„ (g 



Let Q denote the set consisting of 9 symbols a,h,c,d,h\c' ,S ,e, f . For each x e Q we 
define — max{ \p \ | xi^p 7^ 0}. Using the induction on YlixeQ^^ above identities, 

and replacing Dq by Dq — liinn, where is some linear combination of Lp (g L_p, Lp (g VF_p, 
Lp<S)Z-p, Wp<S>L_p ,Zp<^L-p, Wp(S>Z-p, Zp®W-p, Wp®W-p and Zp®Z-p with p e Z, we can 

suppose ai,i = 6ij = ci,^ = di,^ = h\n = 4^ = dj^ = ei,^ = = 0, for any i e Z\{-1,2}, 
i e Z\{1, 2}, k e Z\{2, 3}, m e Z\{0, 3}, n e Z\{0, -1}, p e Z\{-2, -1}, q e Z\{-2, 1}, 
s e Z\{0, 1} and t e Z\{— 2, 3}. Thus the expression of Dq{Li) can be simplified as 

Dq{Li) = ai-iL-i (g L2 + 01,2/^2 ® L_i + hisLi (g W^o + ^1,2^2 8) W-i 
+01,21/2 (g Z_i + Ci,3L3 (g Z_2 + c?i,oM^o <g Zi + di^^Wz (g Z_2 

(g L2 + 6l,oWo (g Li + cl _2^-2 <g + cl _iZ_i (g L2 
+4,-2^-2 ® VTs + 4,1^1 ®Wo + ei^oWo ®Wi + ex,iWx ® Wq 

+/l _2Z_2 g) Z3 + /i,3Z3 (g Z_2. 
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Applying Do to [Li, L_i] = 2Lo , we obtain 

^({{i + 2)a_i,i-(i-2)a_i,i_i)Li®L_i + - {i - 2)b_^^i_i)Li®W_i + ((i - 2)c_i,i 

-(i - 2)c_i,,_i)L,®Z_,+ {{i - 2)rf_i,i - {{i + 2)bl^^. - ibl^^,_^Wi(^L_i 

+((i + 2) cli_i - (i + 2) cli_^^)Zi0L_i + . - (i + 2) c?li_^i)Z,W-i + (ie_i,i - ie-i,^i) TOW^-i 

- 2)/_i,i - (i + 2)/_i,i_i)Zi (g) 3ai,_iL_i(8)Li +3ai^Li®L_i (210(8)1^0 - ^1^^ 
= 6i,2(2L2 01^-2 - 3Li(g)Pr_i) -ci,2(3Li®Z_i-4L2 0Z_2)-ci,3(4L2 (8)Z_2- 5L30Z_^) 
^1^1 (2Zo (g) Wo + (8) ) + ei,oW_i Wi + ei,i Wi (g W_i + 5/i _2^-3 O ^3 +5/1,3^3 ® ^-3 
^1,3 (2W2®Z_2 - 5W3®Z_3) + 6j^_i(2 Wl2®^2 - 3 W_i®Li) + bl^_i^Li - 2WrfE)Lo) + rfi,o W_i ® Zi 

_2(5Z_^0L3 - 4Z_20L2) + 4 _i(4Z_2(gL2 - 3Z_i(gLi) + dlJ^bZ^Ws - 2Z_^W^ + 2(ii,o Wq <^ Zq. 

Comparing tlie coefficients of Lj ® L^i in the above identity, one has 

(i - 2)a_i,i_i = (i + 2)a_i,,, V i e Z\{±1}, 
which together with the fact that the set {i e Z | a_i^j 7^ 0} is finite, forces 

a_i,j = a_i _i + a_i,o = 3ai _i + 3a_i _2 + a_i _i = 3ai,2 + a_i,o + 3a_i,i = 0, V i G Z\{-2,±1,0}. 

Similarly, comparing the coefficients of Lj (g Lj (g Wj (8) Wj -^-i, -Zj <8) I^-i, 
(8) Wj (8) W_i and (8) Zj, one can deduce 

= 61,1 = 6_i _i = 61,2 = 6-1,2 = -1 = 4,0, 

= &-l,n = C_l,i2 = ^-l,^ = ^-l,i4 ^ '^-l.is ^ ^-l,i6 ^ ^-1.'7 ^ /-l,is> 

Cl,2 = Ci,3 = -l/5c_i,2 = l/3c_ij, -3/5cl^_3 = 34 _2 = 34 _i = cli _2, 

^^1,0 — di^3 — —d^ifi — — 3/5ci_i,2 c?-i,i — — 3ci_i,_i, ei,o = e_i,_i, ei,i = e_i,o, 
^1,-2 = ^-1,-2 = ~^-i,-i — — ^1,1 — ~3/5dLi,_3, /i,-2 = —f-1,-3, /i,3 = —f-1,2, 

for any ii G Z, ^2 G Z\{1,2}, G Z\{±1,0,2}, u G Z\{-2,-l}, G Z\{-3,-2}, 
ie G Z\{-3, -2, -1, 0}, i7 G Z\{-1, 0} and ig G Z\{-3, 2}. 
Based on the following facts 

Li • (W_i ® Li) = 0, L_i • (W_i ® Li) = 2(W_2 ® Li - W_i ® Lo), 
one can replace Dq by (i^o + ^"^'"^ {W-i (8> Li))(L_i), and then assume b^-i-i = 0. Then 
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-1,-2 - 



0. Thus Do{L^i) can be rewritten as 



Do{L_i) = a_i _iL_i (8) Lo + a_i _2l/-2 <8) i^i - a-i,-iI/o ® -f'-i + a-i,i-t'i ® I/-2 

5 

+c_i,iLi Z_2--c_i,iL2 (0 Z_3 + ®Zo + 3d_i,_iFFo Z_i 

o 

5 



+e_i,_iW^_i ® Wo + e_i,ol^o ® W^-i + /-i,-3^-3 ® ^2 + /-i,2^2 ® ^-a- 

Meanwhile, one also can deduce the following identity: 

1 1 
Dq{Li) = (-a_i _i - a_i,i)L2 L_i - (a_i _2 + -a_i _i)L_i L2 



+ -cli _2(^-2 ^3 + ^-1 ^2) - tC?Li -3(^-2 ^Ws + Zi^ Wo) 
3 ' 5 ' 

-e_i _iWo ^Wi- e_i,oW^i ® Wq - /-i,-3^-2 ^3 - /-i,2^3 ^ ^2- 

Applying to [L2, L_i] = 3Li, one has 

- 3) a2,i - (i + 2 ) a2,m)L,0Li_^ +((^ - 1 >2, -(^ + 2)62,ifi)^»Wi-^ + 1 )c2,i - (i + 2)c2,i+i)L«_^ 



+((i - l)d2,i - id2,i+i)W^^Zi_i+{{i - 3)4 - -^4,^+l)TO^l-4+((^-3)4^-(^-2)c^l)^^<»^l-^ 



= a_i _2(4Lo0l/i + L_2(8)I/3) + 3a_i _i(Li0Lo - Lq ® Li) + a_i,i(L30L_2 + 4Li0Lo) 
+3(a_i _2 + a_i _i)L_i(8)L2 - (2a_i _i - 3a_i,i)L2(8)I/_i - 4c_i,i(Li(8)Zo + Zo(8)-Li) 

+4c_i,iL2®Z_i-6cLi__2^_i(8)L2+2e_i,_i(Wo(8)W^i-W^_i®M^2)+2e_i,c{W^i(8)Wo-W^2®W^ 

(131^1 ®Zo - 25Vr_i®Z2 - 6PV2®^-i - 20W4®Z_3 - 6Wo®Zi + 18W30Z_2) 
+l/5d\_2{-20Z_3^W^-21Z_i^W2-6Z2^W_i + llZo^Wi + 18Z_2®W3-6Zi®Wo) 

-/_1,_3(8Z_3«)Z4 - 3Z_2(8)Z3 + 3Z_i(8)^2) - /-1,2(3Z2®^-1 - 3^3® Z_2 + 8Z4 ® Z_3). 

Comparing the coefficient of Lj (g) Li_i and recalling that {i \ a2,i ^ 0} is finite, one has 






- 1 )4 - - 2)4,m)^i + ((^ - 1 )e2,i - ie2,i+i)iy^«)iyi-^ + ((i + 1 ) /2,* - - 2)/2,,+i)Z,®Zi^) 



= a2,i = a-i-2 = a_i,i for i e Z\{0, ±1, 2, 3}, 
= 02,0 + (3a_i _i + 4a2,-i) = a2,i - (6a_i _i + a2,-i) 
= 02,2 + (5a_i _i + 4a2,-i) = 02,3 - (2a_i _i + 02,-1). 
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Similarly, one can obtain the following identities 

&2,1 - &2,-l = &2,0 + 26_2,-l = 4,2 + 2&2,1 = 4,3 " 4,1 = 0, 

-1/6^2,0 = -l/4ci2,4 = 2/3^2,3 = -1/6^2,2 = 2/5^2,1 = 

-5/44__2 = 10/34,_i = -5/64,0 = 24,1 = -5/64,2 = d\-3, 
^2,3 = 4,-1 = = _2 = 0> ^2,0 = -2e_i,o = 62,2 = -2e_i _i, 

-5/8/2,_2 = 20/7/2,_l = -/2,0 = 2/2,1 = -/2,2 = 20/7/2,3 = -5/8/2,4 = /-1,2 = /-l,-3, 

for any h £ Z\{±1, 0, 1, 3}, ^2 e Z\{-1}, is e Z\{0, 1, 2, 3, 4}, i4 e Z\{±1, 2, 3}, is e Z\{3}, 
ie e Z\{±2, ±1, 0}, 17 e Z\{0, 1, 2} and is G Z\{±2, ±1, 0, 3, 4}. 
Prom the equation [Li, L_2] = 3L_i, we obtain 

Xf((i + 3)a_2, — (i - 2)a^2,i-i)Li^L^i-i+{{i + l)b-2,i-{i - 2)b^2,i-i) U^W^i-i 

+ ((i-l)c„2,4-(^-2)c_2,^-i)L,®Z_i_i + {{i-l)d_2,i-id-2,i-i)W,®Z_i_,+ {{i + 3)bl^^i 
^bU,i-i)Wi^L_,^ + {{i+3)cU,-{i + 2)4,_i)Z,(8)L_i_,+ ((z + l)dU^-{i + 2)dU._,) 
xZi®W-i-i + {{i + l)e_2,i - ie-2,i-i)Wi®W-i-i+{(i - l)f-2,i-{i + 2)f_2,i-i)Zi(^Z_r_^ 
= l/3a_i,_i(L3®L2 + 13L_i®Lo-13Lo®L_i - L2®L_3) + 36_i,o(Lo®Vr-i - Li^W-2) 
+l/5dli _3(3Zo ® - 24Z_4 ® Vr3 - 6Z_i ® VFo - 6Z1 ® 1^_2 - 15Z_3 ® ^"2 - 6Z_2 ® W^i) 
+3d_i,_i(W^_i®Zo-2W^_2®^i-2W^o®^-i - 8Ws®Z_4-2Wi^Z_2+5W2^Z_3) 
+e_i,_i (3iy_i (g) Wo + 3 Wo (8) W_i - 2 W_2 (g) Wi - Wo (g) W_i - W_i ® Wo - 2 Wi (g) W_2) 
+/_i,-3(3^-3 <H) ^2 - 8Z_4 (g) Z3 - 3Z_2 (g) ^1 - 3Zi (g) Z_2 - 8Z3 (g) Z_4 + 3^2 (g) Z^g) . 

Comparing the coefficients of the tensor products of the above formula, we can deduce 

a_i,_i = 0, -l/4a_2,-2 = l/6a_2,-i = -l/4a_2,o = a-2,1 = a-2,-3, 

l/2(i_2,-2 = -2d_2,-l = l/60?_2,0 = -2/7d_2,l = l/8(i_2,2 = C?_l,_l, 

5/8^1^,-4 = -10/7dL2,-3 = 5/6dL2,-2 = -10^^2,-1 = 5/2^1^,0 = ^^-1,-3, 

6_2,o = -26_2,-i = 26_2,i, e_2,-2 = 2e_i,_i = e_2,o, ^'-2,-2 = -26^_3 = -26^2,-u 

5/8/_2,-4 = -20/7/_2,-3 = /-2,-2 = /-2,0 = -20/7/_2,l = 5/8/_2,2 = -2/-2,-l = /-l,-3, 

for all h e Z\{-3,-2,0,±l}, 12 G Z\{0,±1}, e Z\{±2,±1,0}, u e Z\{-3, -2, -1}, 
h e Z\{-4, -3, -2, -1, 0}, iQ e Z\{-2, -1, 0} and ^7 G Z\{-4, -3, ±2, 1}. 
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Applying Dq to [L2, 1/-2] = 4Lo, which combined with the relations obtained above, we 
can obtain the following identities: 

02-1 + a_2 -3 = &-2 -1 = h-i = C2-1 = 4,3 = 4,1 = ^-2,-3 = ^2,1 + e_2,-i = 0. 
Thus we can rewrite Do{L±i) as follows: 

Do(Li) = -3d_i,_i(Wo ® ^1 + W^3 ® ^-2) - iiL i,_3(^-2 ® W^3 + ^1 ® W^o) 



-e_i,_i(V^o W^i + W^i Wo) - /-I -3(^-2 + Z_2), 
Do{L_i) = d_i (g) Zo + 3Wo ® Z_i - 3W^i ® Z_2 + 5W^2 ® ^-3) 

+ -dl^ -3(5^-3 ® VFs - 3Z_2 1^1 + 3Z_i ®Wo + Zo® W_i) 
5 ' 

+e_i (g) W^o + Wo (g) W^-i) + /_i _3(^-3 (g) ^2 + ^2 <8) ^-3)- 

Noticing that 

L_i • (Wo (g) M^o) = W^i ®Wo + Wo® 
Li • {Wo (8 W^o) = -(W^i ^ Wo) - {Wo ® Wi), 

and then replacing Dq by Do — e_i,_i(Wo (g) Wo)inn, one can assume e_i,_i = 0. 
According to the following identities, 

L_i ■ {Z_2 ®Z2 + Z2® Z_2) = 5Z_3 0^2 + Z_2 ® Z^ + Zi ® Z_2 + 5^2 ® Z_3, 
Ll ■ (Z_2 0^2 + ^2® Z_2) = -^-1 ® ^2 - 5Z_2 ® ^3 - 5^3 ® Z_2 - ^2 ® 

L_i • (Z_i ^Zi + Zi® Z_i) = 4Z_2 ® ^1 + 2Z_i ^Zo + 2Zo ^ Z_i + 4Zi ® Z_2, 
Li ■ (Z_i 0Zi + Zi® Z_i) = -2Zo ®Zi- 4Z_i ® ^2 - 4^2 ® Z_i - 2Zi ® Zq, 
L_i • (Zo (g) Zo) = 3Z_i (g) Zo + 3Zo (g) 
Li ■ (Zo ® Zo) = -3Zi (g) Zo - 3Zo ® Zi, 

and then replacing Do by 

-Do-^/-l,-3(^-2®^2 + ^2®^-2)inn+^/-l,-3(^-l®^l + ^l®^-l)inn--^/-l,-3(^0®^o)in^ 

one can safely assume /-i,-3 = 0. 

Remark (i) Judging from the appearance, it is hard to believe one can assume /-i,-3 = 0. 
We realize this by subtracting three inner derivations of both L_i and Li continuously and 
simultaneously after a deep observation. 

(ii) These inner derivations do not affect Do{L±2) recalling the actions of Dq on both 
[Li,L_2] = 3L_i and [L2,L_i] = 3Li. 
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Thus Dq{L±i) can be rewritten as 

DoiLi) = -3d_i,_i(iyo ^Zi + Ws^ Z_2) - ^d\_s{Z^2 ^W^ + Zi^ Wo), 

o 

Do(^-i) = ® ^0 + 31^0 ® ^-1 - 3H/i ® Z_2 + ® ^-3) 

+ 7C?L -3(5^-3 ® - 3Z_2 <^Wi + 3Z_i W^o + -^0 «) W^-i). 
5 ' 

And L>o(I/2) can be rewritten as follows: 

02 -i(-L-i(8)L3 - ALo<^L2 + 6Li(g)Li - 4L2(8)Lo + L3(8)L_i) + e2,il^i(8)l^i 

5 3 
_i(-6Fro®Z2 + -VFi^Zi - 6W2(^Zo + -W3(^Z_i - mi®Z_2) 

4 3 6 1 6 

_3(--Z_20Fr4 + — Z_i(8PF3 - -Zq%W2 + - -^20H/o), 

'5 ID 5 z 5 

while Dq{L_2) can be rewritten as follows: 

-02 - i(I/_3 (g) Li - 4L_2 (8) Lo + 6L_ 1 (g) L_i - 4Lo (8) + ii <8) 1^-3 ) - 62,1 WCi ® W^- 1 

1 7 

_i(2M^_2®Zo - + 6Wo®Z_2 - -Vri®^-3 + 8W^2«)^-4) 

8 7 6 1 2 

_3(7^-4«)W^2 - T77^^3<H)W^1 + 7^-2«)Wo - — (g) + -Zq ® W_2)- 

'5 iU 5 iU 5 

Set u = L_i (g) Li — 2Lo (g) Lq + I/i (g) Observing that L±i ■ u = 0, one can assume 
02,-1 = 0, when Dq is replaced by Dq — 02,-1 <S> Li — 2Lq (g) Lq + Li (g) L_i). Thus 

L>o(L2) = d_i,_i(-6iyo®^2 + ^Wi^Zi - 6W2®Zo + ^W^^Z^-, - m^®Z_2) 

4 3 6 1 6 

_3(--^-2®W^4 + —Z-x^Wz - -ZO0W2 + -Zx®Wx - -Z2®Wo) 
'5 10 5 z 5 

+62,11^1 ®l^l, 

and 

L>o(L_2) = d_i,_i(2iy_2®Zo - ^W^i^Z^i + 6Wo^Z_2 - \wx®Z_j, + %W2®Z_^ 
8 7 6 1 2 

_3(-^-4<8)W^2 - —Z-^x + -Z_2®Wo - — Z_i ® + -Zo (g) W_2) 

'5 10 5 10 5 

-e2AW-x®W-x- 
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Prom the equation [-L_i, Wi] — 0, we obtain 

- ^)gi,i + 2)gi,i+i)Li®L^i +{ihi,i - {i + 2)hi,i+i) Li^W-i + {{i + 2)pi,i 

-{i + 2)pi,i+i)Li ^ Z_i +{{i + 2)qi^i- iqi^i+i)Wi®Z_i + {{i - 2)hl.-ihl.^^)Wi^L_i 
+ - 2)pl,i -{i- 2)pI,,+i)^i®L-i + {iql - (i - 2)ql.JZi^W^i 
+ {tsi,i - isi,i-i)Wi®W-i + {{i + 2)ti,i -{i- 2)ti,i-i)Zi®Z_^ 

= d_i,_i(2TO^o-3TO^-i-5W3{8)Z_3)+dLi _;^2/5Z(^iyo - ^-3 (8)W3+ 3/5Z_i(g)iyi). 
Prom the above formula it follows that 

giM = ^l,i2 = Pi,i3 = (l^M = = Pl,i6 = ^hr ^ "^I'^s = ^1,^9 = d-i-i = 0, 

dLi _3 = ^1,0 + 3t/i _i = gi,i - 3c/i _i = + gi,-i = /ii,o + /^i -i = ^^1,2 + = 0, 

for all ii e Z\{±1,0, 1,2}, is G Z\{-1,0}, G Z\{1,2} and ij G Z for j e {3,4,6,7,8,9}. 
Thus £'o(W^i) can be rewritten as 

Do{Wi) = _i(L_i (8) La - 3Lo <8) Li + 3Li O Lq - I/2 O 

_i(L_i ® 1^2 - Lo H/^i) + hli{Wi Lo - W^2 ® L_i). 

Then Dq{L±i) and Z^o(-^±2) can be rewritten as follows: 

L'o(L_i) = Do{L,) = 0, 
^0(^2) = e2,iWi (2) W^i, L>o(-^-2) = -e2,iW^-i W^-i- 

Applying I?o to [L2, [Li, H^i]] = 0, we obtain 

c/i,_i(L_3®L3 - 4L_2®L2 + 5L_i®Li - 5Li®L_i - L^^L.^ + 4L2®L_2) 
+^ii8(W^2®L_2 - W^_i®Li - 6W^i(8)L_i - 3W3®L_3) - 6e2,i(W^i®W^-i + 
= /ii _i(8L_2(g)Vl^2 - 3L_3(8)-6L_i(8)Vl^i - Li^W^i). 

Prom the above formula it follows that 

62,1 = gi-i = hi-i = h\i = 0. 

Then one can deduce 

Do{W,) = Do{L±,) = Do{L±2) = 0. 
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Applying Do to [Li, l^o] = —Wi,we obtain 

^({{i + l)go,i-{t - 2)go,i-i)Li^Li_i+{{i - l)ho,i-{i - 2)ho,i_^Li^Wi_i+ {{i - 3)po,i 

-{i - 2)po,i_i)Li®Zi_i + {{i - 3)qo,i-iqo,i-i)Wi^Zi_i + {{i + l)hli-ihli_^)Wi®Li-i 
+ ((^ + i)pii-(i + 2)pJ,,_i)^i<E)Li-i+((i - l)qli-(i + 2)ql._,)Zi®Wi.i+{(i - 
^So,i_i)Wi(^Wi_i+{{i-3)to,i-{i + 2)to,i_i)Zi(^Zi_^ = 0, 

from which it follows that 

5'o,n = ^0,12 =Po,i3=?o,i4 = ^0,15 =Po,i6^ ^0,17 ^'^o,p8 = ^0,19 =50,0 + '^9o,-i^9o,i - 9'o,-i = 0, 

for all ii e Z\{±1,0}, is e Z\{-1}, e Z\{-1} and ij G Z for j e {3,4,6,7,8,9}. 
Thus Dq{Wo) can be rewritten as 

Do{Wo) = c/o -i(L_i(8)Li - 2Lo®Lo + Li^L^i) + ho,iLi®W-i + hl_^W-i®Li. 

Applying Dq to [Li, W^i] — 0, we obtain 

-(i - 2)p_i,,_i)Li®Z_,+ ((i-2)g_i,i-ig_i,,_i)lVi®Z_i+ ((^ + 2)h\^-thl^^^_^Wi0L_i 
Mii + 2)pli,, - (i + 2)pl,._;)Zi^L_i+ {iq\-{i + 2)gli_,_^Z,0 

-is_i,i_i)li",0lF_,+ ((i - 2)t_i,i-(i + 2)t_i,i_i)Zi®Z_i) = 0, 

from which it follows that 

g-l,il = ^-1,12 =P0,i3 = = ^-1,16 =P-l,ie = 5-1,17 ^ ^-hP8 = t-l,i9 = 0' 

g-i-i + 3g-i-2^g-i,o - 35'-i,-2 = fl'-i,i + 5^-1,-2 = + /i-i,o = /ill -1 + /ill -2 = 0, 

for all h e Z\{-2, ±1, 0}, is G Z\{0, 1}, ig G Z\{-2, -1} and i^- G Z for j e {3, 4, 6, 7, 8, 9}. 
Thus Dq{W_i) can be rewritten as 

Do{W^i) = g_i_2{L-2 ®Li- 3L_i O Lq + 3Lo O L_i -L^® L_2) 

+h_i,o{Lo ® W_i -Li® W_2) + /ill -2(^-2 ®Li- W_i ® Lo). 

Applying Do to [-L_i, Wq] = — VF_i and comparing the coefficients of the tensor products, we 
obtain 

5(0,-1 = 5-1,-2 = /i-1,0 + 2/io,i = /ill _2 - 2/io _i = 0. 
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Thus we can rewrite 

Do{Wo) = ho,iLi ® W-i + hl_^W-i ® Li, 

Applying Do to [L2, W-i] = —Wi and comparing the coefficients of the tensor products, we 
obtain /io,i — ^0,-1 = 0- Thus 

Do{W.,) = Do{Wo) = 0, 

which together with 

Do{Wi) = Do{L±,) = Do{L±2) = 0, 
and the Lie brackets of £, imphes 

Do{L^) = L>o(W^n) = ^o(^n) = 0, V n e Z. 
It is easy to check that the foUowing claim also holds for the algebra £ here. 
Claim 4 For any D e Der(il, 5J), (2.1) is a finite sum. 

Then finally the proposition follows. □ 
The following lemma is still true for £ by employing the technique of Lemma 2.5 in [4]. 

Lemma 2.3 Suppose v e such that x ■ v E Im(l — r) for all a; e £. Then v e Im(l — r). 

Proo/ 0/ Theorem 1.2 Let (£,[•,•], A) be a Lie bialgebra structure on £. By Proposition 
2.2, A = for some r e il (g) £. Combining Im A C Im(l — r) and Lemma 2.3, one can 
deduce r e Im(l — r). Then Lemma 2.1 shows that c(r) = 0. Hence Definition 1.1 says that 
(£, [•, •], A) is a triangular coboundary Lie bialgebra. □ 
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